
Extremal Combinatorics – 2009/10

Exercise Sheet 1 JRJ

I am happy to comment on any work you hand in.

1. Determine all the extremal graphs for Mantel’s theorem (ie all triangle-free graphs with
n vertices and bn2

4 c edges).

2. What is the maximum number of edges in a graph on n vertices which contains exactly
one triangle?

3. Show that if G has n vertices, e edges, and t triangles then we have the inequality

t ≥ e
3n

(4e−n2).

Find some graphs for which this is an equality.

4. Suppose that x1,x2, · · · ,xn are vectors in Rd for some positive integers n and d and that
|xi| ≥ 1 for 1 ≤ i ≤ n. Show that the number of unordered pairs i, j with |xi + x j| < 1 is at
most bn2/4c.

5. Prove that if G is connected, |V (G)| > k, and δ(G) ≥ k/2 then G contains a path of
length k (that is a path with k +1 vertices).
Is the condition that G is connected necessary?
Does the same condition guarantee a cycle of length at least k? If not what length of cycle
does it guarantee?

Please let me know if you have any comments or corrections


